INTRODUCTION
KAN AND Thurston prove in [6] that every path-connected space has the homology of the classifying space BG of some discrete group G. (See also [l] .) In this note we prove a somewhat sharper result for discrete monoids, where by monoid (or semigroup) we mean a set with an associative composition law which has a two-sided identity, e.
THEOREM 1. Every path-connected space has the same weak homotopy type as the classifying space BM of some discrete monoid M. This is proved by constructing directly, for each connected simplicial complex X, a monoid M such that BM = X. The monoid M has one generator for each simplex (+ outside of a maximal tree in X. This generator is invertible if dim (+ = 1, and idempotent if dim (+ > 1. There are other relations corresponding to the inclusions (T c T.
We will also prove the following result, using an idea of Heller. In view of the Kan-Thurston theorem, this yields the following improvement of Theorem 1.
COROLLARY. The monoid M in Theorem .l may be chosen so that the inclusion BI(M) 4 BM is a homology equivalence, where I(M) denotes the maximal subgroup of M.
As an example which shows that classifying spaces of discrete monoids can have real mathematical interest, consider Haefliger's classifying space BY for Cm-foliations of codimension n. Segal proves in [ 111 that there is a weak equivalence BEmbR" 2: BY', where EmbR" is the discrete moniod of all Cm-self-embeddings of R". Its group of invertible elements is Diff R", the group of all Cm-diffeomorphisms of R", and it is also shown in [l l] that the inclusion BDiff W" 4 BEmb W" is a homology equivalence.
Similar results for the volume preserving case are proved in [7] . The paper is organised as follows. In 01 we discuss some properties of monoids and their amalgamated free products. Theorem 1 is proved in $2 by an inductive procedure, combining the methods of [l] and [6] . Theorem 2 and its corollary are proved in $3. Readers may, if they wish, start with 03 referring back to $1 as necessary.
I wish to thank Alex Heller who provided the essential idea in the proof of Theorem 2, Graeme Segal for his encouragement, and Philip Trauber for help with the proof of Lemma 4.
Il. PROPERTIES OF MONOIDS
The classifying space BM of a discrete monoid M is the realisation of a semi-simplicial set which has one vertex, one l-simplex for each element of M, one 2-simplex for each relation mm' = m", and so on. Equivalently, it is the realisation of the discrete category which has one object and M as set of morphisms. (See 191 and [lo] Appendix A. It does not matter which realisation is used here.) In fact, it will be convenient to consider more general categories which we will call semigroupoids. They are non-empty, small, discrete categories in which all objects are isomorphic. Thus, associated to any semigroupoid M there is a monoid MO which is isomorphic to MorM(x, x) for each object x in M. Moreover, the category M is isomorphic to the product MO X J, where MO is the category with one object corresponding to the monoid MO, and J is the category with the same set of objects as Mand with exactly one morphism' between any pair of objects. (An isomorphism M + MO X J is determined by the choice of an object x0 in M and an isomorphism OX: x0 -+ x for each object x # x0.) It follows from [9] 02 that the realisation BM of the semigroupoid M is equivalent to BMo. Therefore, in order to prove Theorem 1, it suffices to show that every connected space is weakly equivalent to some BM.
The following elementary observation will be very useful. Next, we discuss amalgamated free products (or pushouts) of monoids and semigroupoids. Since in general these are not well-behaved (see Howie [5] Chap. VII.3), we will restrict attention to a class which is convenient for our purposes. DEFINITION 2. An inclusion L 4 M of monoids will be called right-free if there is a subset n? c M containing the identity element of M and such that M is the union of the disjoint left cosets FzL, rii E A?, where the correspondence rii, 1 +-+a1 maps @ x L bijectively to M. Similarly, an inclusion L 4 M of semigroupoids will be called right-free if the inclusion of the associated monoids is right-free.
It is easy to check that if the inclusions L 4 M and M 4 N are right-free so is their composite. Also, any inclusion of a group into a left-cancellative monoid is right-free. On the other hand, the inclusion N 4 Z, where N denotes the additive monoid of non-negative integers, is not right-free.
Observe that the category of semigroupoids is closed under pushouts. Indeed, given functors ii: L+ N' for i = 1,2, the pushout of N' with N* over L is a semigroupoid N'*,_N* whose set of objects is the union of Obj N' and Obj N* over Obj L, and whose associated monoid is the free product No' *b NO* of No' with NC,* over LO. h, with defining relations mh = h for all m E M and h* = h. Then the elements hm, for m E M, are all distinct and M#= M U hM. Thus the inclusion M 4 M" is right-free. Moreover, because h is a right zero element in M', the category corresponding to M" is filtering and so BMiP is contractible. To see this directly, define, for each k-simplex u = (ml,. . . , mk) in BM#, a (k + l)-simplex Ca = (m', . . . , mk, h). Then Ca c CT whenever u c 7, and it is not hard to see that BM" contracts onto its unique vertex u by a homotopy which moves each u through Cu to the last vertex of Cu. (See Fig. 1) 
"
Image of C half way through the contraction If M is a semigroupoid with associated monoid MO, it is clear that the semigroupoid M', which has the same objects as M and associated monoid MO", has the required properties. More explicitly, choose an object x0 in M and an isomorphism 8,: x0+x for every x E Obj M, with 13~~ = id. Then M" is generated by M and a morphism h: x0+x0. It therefore consists of M together with an additional morphism h,m : x + y for every m : x + y in M where h, : x + x equals OX-'he,. (Here we are using the notation mn for the composite XL y -% z.) Note the relation mh, = h,fI-'8, for every m:x-+y inM. W Finally we show that the maximal subgroup of an amalgamated free product can be calculated in the special case of monoids M for which the set M -I(M) of non-units is closed under multiplication. This will be useful in 03. We will construct, for any given ordered connected simplicial complex P, a semigroupoid F(P) together with a homotopy equivalence P = BF(P). The category F(P) has one object u for every vertex u of P. Its morphisms are generated by: (iv) corresponding to every inclusion Q 4 P there is a right-free inclusion
F(Q) 4 F(P).
It remains to construct an equivalence hp: P =\ BF(P) for each P, in such a way To start, observe that there is a canonical embedding of any ordered connected l-dimensional complex P into BF(P) whose image is a deformation retract of BF(P). We define hp, for l-dimensional P, to be this embedding. Suppose inductively, that we have defined the equivalences hp for every P of dimension Sk. Then, in particular, ha,: &J + BF(&r) is defined, where (T is an ordered
Since BF(o) = BF(&r)" is contractible, the map A,, may be extended to an equivalence A,: (T _\ BF(cr). It follows that if P is any ordered (k + l)-dimensional complex there is a uniquk way to define A P: P + BF(P) so as to make all diagrams (*) commute.
By repeated application of Lemma 4, it follows that Ap is an equivalence which completes the inductive step.
Note. Using the explicit description of F(P) given in (a). . . . , (f) above, it is easy to describe its associated monoid in terms of generators and relations. The choice of isomorphisms OX: xo + x in F(P) corresponds to the choice of a basepoint and a maximal tree in P.
PROOF OF THEOREM 2
Heller suggested the following construction. Given a group G with perfect normal subgroup P, let I,!I: D+ G be a The monoid D will be constructed as a direct limit using the next lemma. Finally, using Lemma 4 and the fact that M = F0 *L L", it is not hard to check that BM has the homotopy type of a wedge of circles, one for each generator of F'. Therefore, BM = BF', and the proof is complete.
Proof of Corollary. Kan and Thurston prove in [61 that for any path-connected space X there is a homology equivalence BG -X, for some discrete group G. The kernel of the surjection G = n,BG + v,X is a perfect, normal subgroup P of G, and the pair G, P completely determines the weak homotopy type of X. (See [3] .) Thus, if M is the monoid constructed from G, P as in Theorem 2, we must have BM = X. n
